ABSTRACT. Consider a quartic q-Weil polynomial f . Motivated by equidistribution considerations we define, for each prime ℓ, a local factor which measures the relative frequency with which f mod ℓ occurs as the characteristic polynomial of a symplectic similitude over F ℓ . For a certain class of polynomials, we show that the resulting infinite product calculates the number of principally polarized abelian surfaces over F q with Weil polynomial f .
INTRODUCTION Consider abelian varieties over a finite field. To each such X/F q one may associate a characteristic polynomial of Frobenius, f X/F q (T) ∈ Z[T]; and two abelian varieties X and Y are isogenous if and only if f X/F q (T) = f Y/F q (T). In this way, isogeny classes of abelian varieties over F q are parametrized by suitable q-Weil polynomials f (T).
Conversely, given such a polynomial f , it is of intrinsic interest to calculate how many abelian varieties are in the corresponding isogeny class. In fact, a polarized variant of this problem seems even more natural. Let A g be the moduli space of principally polarized abelian varieties of dimension g, and let
A g (F q ; f ) = {(X, λ) ∈ A g (F q ) : f X/F q (T) = f (T)}.
Armed with an (overly optimistic) equidistribution philosophy, one might attempt to estimate #A g (F q ; f ) in the following fashion. To the extent possible, Frobenius elements of abelian varieties are equidistributed in GSp 2g (Z/ℓ). By somehow multiplying together, over all ℓ, the frequency with which f (T) mod ℓ occurs as the characteristic polynomial of a symplectic similitude, one might try to apprehend #A g (F q ; f ).
As written, this strategy is nonsense; for given g and ℓ, mod ℓ Frobenius elements are equidistributed only if q ≫ g ℓ. Nonetheless, such congruence considerations apparently control the sizes of isogeny classes.
Our main result is as follows. For f in a certain class of simple, ordinary q-Weil polynomials of degree 4 (see Section 2), we define for each prime ℓ a quantity ν ℓ ( f ) (see (4.1)) which measures its relative frequency as the characteristic polynomial of an element GSp 4 (Z/ℓ). After defining a Sato-Tate term ν ∞ ( f ), we show that (1.1)
(where a principally polarized abelian surface is given mass inversely proportional to the size of its automorphism group).
The present work is inspired by work of Gekeler [5] , who derived a version of (1.1) for elliptic curves over a finite prime field. Our perspective was influenced by Katz's analysis [8] of Gekeler's product formula.
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ABELIAN VARIETIES AND WEIL POLYNOMIALS
Let X/F q be an abelian variety of dimension g over a finite field with q = p e elements, and let f X/F q (T) ∈ Z[T] be the characteristic polynomial of its Frobenius endomorphism (acting on, say, any of the Tate modules T ℓ X with ℓ = p). Then f X/F q (T) is a q-Weil polynomial, i.e., the complex roots α 1 , · · · , α 2g of f X/F q (T) may be ordered so that α j α g+j = q for 1 ≤ j ≤ g, and in fact α j = √ q for each j.
Now assume that f (T) is a q-Weil polynomial of degree 4; such a polynomial corresponds to a (possibly empty) isogeny class I f of abelian surfaces over F q . In the sequel, we will assume that f is:
(W.1) ordinary its middle coefficient is relatively prime to p; (W.2) principally polarizable there exists a principally polarized abelian surface with characteristic polynomial f ; (W.3) Galois the polynomial f (T) is irreducible over Q, and K f := Q(T)/ f (T) is Galois and unramified at p; Define the conductor of f , cond( f ), as the index of
is the maximal totally real subfield of K f . Denote the discriminants of f (T) and f + (T) by ∆ f and ∆ f + , respectively. Similarly, let ∆ O represent the discriminant of an order O; notice that
Proof. Using the above definition of f and Propositions 9.4 and 9.5 of [7] ,
The discriminant of Z[̟ f ] is given by
Then the desired index is q.
CONJUGACY CLASSES IN SYMPLECTIC GROUPS
If X/F q is a principally polarized abelian surface, then the four-dimensional F ℓ -vector space
is naturally equipped with a symplectic form. We collect some notation concerning symplectic (similitude) groups.
3.1. Symplectic groups. Let V be a vector space of dimension 2g over a field k, equipped with a perfect, skew-symmetric form ·, · . The symplectic similitude group of V is the group of automorphisms which preserve this form up to a multiple. Concretely,
The group of automorphisms of the symplectic space is the symplectic group, Sp(V, ·, · ), and these groups sit in an exact sequence In fact, any symplectic space V of dimension 2g is isomorphic to k ⊕2g , equipped with the pairing described by the 2g × 2g matrix
the associated similitude and symplectic groups are GSp 2g (k) and Sp 2g (k), respectively. 
(For details of this decomposition, see, for example, [4] or [10] . Alternatively, compare our results to those of [1] or [9] .)
In the sequel, we will only need the case where g = 2 and k = F ℓ is a finite field. Let C(γ) denote the conjugacy class of γ. We distinguish conjugacy classes by the factorization pattern of their characteristic polynomials f γ (T) into irreducible polynomials over F ℓ , and then refine this with additional combinatorial data, if necessary. The resulting collection of data associated to C(γ) will be called the shape of γ, or of its conjugacy class.
Our enumeration of conjugacy classes in GSp 4 (F ℓ ) is purposefully incomplete; we only include those which arise in our subsequent study of abelian surfaces. First, we only consider those classes for which all irreducible factors of the characteristic polynomial have the same degree. (Briefly call such a class "relevant".) Second, we only list those conjugacy classes corresponding to regular, or cyclic, elements. In general, an element of an algebraic group γ ∈ G(k) is called regular if the dimension of its centralizer, dim Z G (γ), is minimal, i.e., equal to the rank of G. In the case of G = GSp 4 , it is equivalent to insist that γ be cyclic in the standard representation, i.e., that there exists v ∈ V such that {γ i v : i ≥ 0} spans V. Note that an element is cyclic if and only if its minimal polynomial and characteristic polynomial coincide. As usual, a semisimple element is regular if and only if its eigenvalues are distinct.
Let f γ (T) = ∏ j g j (T) e j be the factorization of f γ (T) into powers of distinct, irreducible monic polynomials of equal degree. To this factorization of f γ (T) there is an associated factorization V ∼ = ⊕W j , where γ| W j has characteristic polynomial g j (T) e j . For each j, either ·, · | W j is zero or it is perfect; call these factorizations isotropic and symplectic, respectively.
Case 1: Regular semisimple elements
A regular semisimple conjugacy class is one for which the elements have a squarefree characteristic polynomial. We classify such conjugacy classes by the factorization of f γ (T) (over F ℓ ) and by m(γ); let a i ∈ F ℓ be distinct and g 1 = g 2 . Then Table 3 .1 is a complete classification of relevant regular semisimple conjugacy class shapes. 
Case 2: Non-semisimple elements
is not squarefree, then γ is cyclic (if and) only if the associated partition data is maximal.
In fact, such a conjugacy class is determined by a signed partition, and Table 3 .2 completes our list of relevant cyclic conjugacy class shapes. (As above, the a i ∈ F ℓ are distinct.) 
(For the conjugacy class shape DRL-I, the partition [2] corresponds to the factor (T − a 1 )(T − a 2 ) in f γ (T), and thus to a subspace with characteristic polynomial (T − a 1 )(T − a 2 ).)
Note that, for a fixed characteristic polynomial f of shape DRL-S or RQ-2, the set of cyclic elements with characteristic polynomial f forms two conjugacy classes. For example, for a nonsquare x ∈ F ℓ ,
are both elements of shape DRL-S. (Verification of this fact is discussed in the proof of Lemma 3.2.) The matrix
Since x is nonsquare, γ 1 and γ 2 are not conjugate in GSp 4 (F ℓ ), although they are conjugate in GSp 4 (F ℓ 2 ). (A similar argument shows that we also have two classes of shape RQ-2.) 3.3. Centralizer orders. We determine the size of each of the conjugacy classes C(γ) listed in Tables 3.1 and 3.2 by computing the order of the centralizer of the representative γ. Let Z GSp 4 (F ℓ ) (γ) denote the centralizer of γ in GSp 4 (F ℓ ).
A representative of a regular semisimple conjugacy class is an element of a unique maximal torus of GSp 4 (F ℓ ), and the centralizer of such a γ is that maximal torus [3] . We use the structure of these maximal tori to compute the sizes of the centralizers of the regular semisimple class shapes. 
Proof. In each case, we determine the size of the appropriate torus. For example, if C(γ) is of shape Quartic, the polynomial f γ (T) has roots t, t ℓ , t ℓ 2 , and t ℓ 3 in F × ℓ 4 in one orbit under the action of Galois. Two pairs of roots have product m(γ) ∈ F × ℓ since γ ∈ GSp 4 (F ℓ ). The element tt ℓ cannot lie in F × ℓ when t ∈ F ℓ 4 F ℓ 2 , thus tt ℓ 2 = m(γ). The map t → tt ℓ 2 is the norm map of F ℓ 4 over F ℓ 2 . There are
which is the size of the torus and thus the centralizer. The other centralizer orders are computed analogously.
Determining the centralizer orders of the non-semisimple class shapes requires more effort. Table 3 .2. Then
Lemma 3.2. Suppose C(γ) has one of the conjugacy class shapes listed in
Proof. For each conjugacy class shape, find an explicit cyclic representative γ ∈ GSp 4 (F ℓ ) such that f γ and m(γ) are as given in Table 3 .2. Then find a generic member C of the centralizer of γ and use it to find the size of Z GSp 4 (F ℓ ) (γ). (For the DRL-S and RQ-2 shapes, two distinct non-conjugate representatives are needed for the + and − classes.)
As an example, reconsider our previous example where C(γ) is DRL-S. It is easy to verify that the representatives γ 1 and γ 2 given earlier are cyclic elements of GSp 4 (F ℓ ) with characteristic polynomial (T − a) 2 (T + a) 2 and m(γ) = a 2 . The matrix
centralizes both γ 1 and γ 2 with the conditions that c 1 ∈ F × ℓ , c 2 = ±c 1 , and c 3 , c 4 ∈ F ℓ . Then each class has a centralizer of order 2ℓ 2 (ℓ − 1).
The rest of the computations are similar and are omitted here.
LOCAL FACTORS FOR f
Given f , we will define terms ν ℓ ( f ) for each finite prime of ℓ, as well as an archimedean term ν ∞ ( f ). For finite primes ℓ = p, we let ν ℓ ( f ) be the probability that a random element of GSp 4 (F ℓ ) (q) has characteristic polynomial f , and compare this probability to the average such chance. The definitions of ν p ( f ) and ν ∞ ( f ) are more intricate, but guided by a similar philosophy. 4.1. ν ℓ ( f ). First, suppose ℓ = p is a finite rational prime. The Frobenius endomorphism of a principally polarized abelian variety X/F q , thought of as an automorphism of X ℓ , is an element of GSp(X ℓ ) (q) ∼ = GSp 4 (F ℓ ) (q) . There are ℓ 2 polynomials which occur as characteristic polynomials of elements of GSp 4 (F ℓ ) (q) . Consequently, at least for ℓ unramified in K f , we measure the departure of the frequency of f from the average by
(An extension of this definition to all ℓ = p is given below in (5.1).) Because of these considerations, we set
4.3. ν p (∞). It remains to define an archimedean term; our choice comes from the Sato-Tate measure, which (conjecturally) explains the distribution of Frobenius elements of abelian surfaces.
Recall that semisimple conjugacy classes in the compact group USp 4 are parametrized by ("Frobenius angles") 0 ≤ θ 1 ≤ θ 2 ≤ π. The Sato-Tate measure on the space of Frobenius angles is simply the pushforward of Haar measure. Explicitly, the Weyl integration formula [11, p218,7 .8B] shows that this measure is
Once q is fixed, a pair of angles {θ 1 , θ 2 } gives rise to a q-Weil polynomial
the induced measure on the space of q-Weil polynomials is
Note that, since there are approximately q dim A 2 = q 3 principally polarized abelian surfaces over F q , abelian varieties, q 3 µ ST (a, b) is a sort of archimedean prediction for #A 2 (F q ; f ). We set
THE SHAPE OF FROBENIUS
Fix a q-Weil polynomial satisfying conditions W.1-W.4. Suppose X/F q is a principally polarized abelian variety such that O f ⊆ End(X); we choose the polarization so that the Rosati involution on End(X) induces complex conjugation on O f . On ℓ-torsion, the principal polarization induces a symplectic pairing on X ℓ ; complex conjugation on O f ⊗ Z/ℓ is adjoint with respect to this pairing; and we obtain ρ ℓ (̟ f ) ∈ GSp(X ℓ ). Our goal in the present section is to relate the shape of ρ ℓ (̟ f ) (in the sense of Section 3.2) to the structure of f (T) mod ℓ. 
is a suitable form.) Such a form is canonically defined up to scaling, and in particular its group of symplectic similitudes is independent of the choice of form.
Then ̟ f acts on κ(ℓ). Let γ ℓ be the image of ̟ f in GSp(κ(ℓ)); our goal is to use the splitting behavior of f (T) mod ℓ to compute the cyclic shape of γ ℓ , i.e., the shape of any cyclic element whose semisimplification is conjugate to γ ℓ .
In fact, we define Proof. If ℓ ∤ p∆ K , then ℓ ∤ ∆ f . Therefore, f (T) mod ℓ has distinct roots, and γ ℓ is regular semisimple. The classification in Table 3 .1 shows that if f (T) mod ℓ is either irreducible or a product of linear factors, then any element with characteristic polynomial f (T) mod ℓ is actually conjugate to γ ℓ . If f (T) mod ℓ is a product of distinct irreducible quadratic polynomials, then the possible shapes of γ ℓ are distinguished by their multiplier; but one knows that the multiplier of γ ℓ is q. The claim now follows once one recalls that a regular semisimple element is cyclic.
Note that, tautologically, the characteristic polynomial of γ ℓ is exactly the reduction of f (T). If, for instance, f (T) mod ℓ is irreducible, then a moment's reflection (or a glance at Tables 3.1 and 3.2) reveals that γ ℓ is Quartic.
However, it sometimes happens (e.g., with DQ-S and DQ-I) that the factorization pattern of f alone does not determine the shape of γ.
To ease notation slightly, we will write K for K f and, given assumption W.4,
3), the factorization of f (T) mod ℓ is precisely determined by the splitting of ℓ in O K . We have
where λ ranges over all primes of K which lie over ℓ. Proof. We have chosen ·, · such that the involution induced by complex conjugation is the adjoint with respect to ·, · .
Consider a finite Galois extension L/Q with Gal(L/Q) = G. If ℓ is a rational prime and λ is a prime of O L lying over ℓ, the decomposition group and inertia group of λ are, respectively,
Then I(λ/ℓ) is normal in D(λ/ℓ).
In fact, we will only use these notions for the abelian extension K/Q, and thus the inertia and decomposition groups depend only on ℓ, and not on the choice of λ.
Hence we write I(ℓ) and D(ℓ) for I(λ/ℓ) and D(λ/ℓ).
Let f (T) ≡ ∏ 1≤j≤r g j (T) e j mod ℓ be the factorization of f (T) mod ℓ into irreducible monic poly- Thus, for instance, Lemma 5.3 asserts that if D(ℓ) = σ 2 and I(ℓ) = 1 , then γ ℓ has cyclic shape DQ-S. Note that if γ ℓ has cyclic shape RQ-2, then there are two conjugacy classes with cyclic shape γ ℓ . Otherwise, the cyclic shape of γ ℓ determines a unique conjugacy class.
Proof. In Table 5 Of the remaining cases, we first consider those in which D(ℓ) = σ 2 . Let λ be one of the two primes of K lying over ℓ. Lemma 5.2 shows that κ(ℓ) λ is symplectic if and only if complex conjugation stabilizes λ, i.e., if and only if ι = σ 2 ∈ D(ℓ). Since this happens in the two cases under consideration, the induced decomposition is symplectic and the cyclic shape of γ ℓ is the S variant.
Finally, we analyze the situation in which I(ℓ) = σ 2 ⊂ D(ℓ) = σ ; we must decide whether the cyclic shape is RQ-1 or RQ-2. Let λ be the prime of K lying over ℓ. Consider the Frobenius element
The ramification hypothesis implies that σ 2 (̟ f ) ≡ ̟ f mod λ, and we have the factorization
By comparing constant terms, we find that
which contradicts the hypothesis that σ ∈ I(ℓ).
Therefore, the constant term of the irreducible factor g(T) is −q mod λ, and the cyclic shape of γ ℓ is RQ-2. 
Then K is the compositum of quadratic imaginary fields K 1 and K 2 , and we have Gal(
Then complex conjugation is given by ι = τ 1 τ 2 ; its fixed field is the real quadratic subfield K + . We again classify the splitting behavior of primes ℓ by considering pairs D(ℓ) and I(ℓ). Table 5 .2.
Lemma 5.4. Suppose f satisfies conditions W.1-W.4 with K = K f biquadratic. Let ℓ = p be a rational prime. The cyclic shape of γ ℓ is determined by the decomposition and inertia groups D(ℓ) and I(ℓ) as in
As before, the cyclic shape of γ ℓ determines a unique conjugacy class except when that shape is either DRL-S or RQ-2. In these cases, there are two conjugacy classes with the cyclic shape given by γ ℓ .
Proof. Proceed as in the proof of Lemma 5.3. Note that, by Lemma 5.2, κ(ℓ) λ is isotropic if and only if complex conjugation acts nontrivially on λ, i.e., if and only if ι = τ 1 τ 2 / ∈ D(ℓ). In these cases the induced decomposition is isotropic and the cyclic shape of γ ℓ is the I variant. All ambiguous cases where r > 1 can be identified by the action of the pairing on the induced decomposition. Now (without loss of generality) suppose that I(ℓ) = τ 1 ⊂ D(ℓ) = τ 1 , τ 2 , and let λ be the prime lying over ℓ. As in Lemma 5.3, we recall that
The assumption on ramification implies that ̟ f ≡ τ 1 (̟ f ) mod λ, and thus that
2 mod λ.
2 mod λ where g(0) = q, and the cyclic shape of γ ℓ is RQ-1.
The remaining cases follow in an analogous fashion. 
LOCAL TERMS FOR K
Let Gal(K/Q) * be the character group of the Galois group of K. For χ ∈ Gal(K/Q) * , let K χ be the subfield of K fixed by ker χ. For a rational prime ℓ,
and let χ(ℓ) = 0 otherwise.
Since K + is a subextension of K, Gal(K + /Q) * is naturally a subgroup of Gal(K/Q) * , and we define
where
6.1. K cyclic. As in Section 5.1, let Gal(K/Q) = σ . Let χ be a faithful character of Gal(K/Q), so that χ := χ • ι is the other faithful character of Gal(K/Q) and S(K) = {χ, χ}. 
Denote the quadratic imaginary subfields of K by K 1 and K 2 and let Gal(K/K i ) = τ i . For i ∈ {1, 2}, define the character 
6.3. Matching. In this section, we show that each of the local factors naïvely assigned to f matches a factor intrinsic to the splitting field
Proof. Let γ ℓ be as in Section 5. We first assume that the cyclic shape of γ ℓ determines a unique conjugacy class in GSp 4 (F ℓ ), and then indicate what must be changed to accommodate the remaining cases.
Thus, let γ be any cyclic element whose semisimplification is γ ℓ , and assume the shape of γ is neither DRL-S nor RQ-2. By Lemmas 6.1 and 6.2, the set of character values
depends only on the shape of γ; and tautologically, the size of the conjugacy class C(γ) only depends on the shape of γ, too.
On one hand, by (5.1) we have
Lemmas 3.1 and 3.2 supply column 2 of Table 6 .3, and applying this simple calculation provides column 3.
On the other hand, recall that (6.1) gives
Lemmas 6.1 and 6.2 provide column 4 of Table 6 .3, and we compute column 5 using (6.1).
If γ ℓ has cyclic shape of type DRL-S or RQ-2, then there are two cyclic conjugacy classes with semisimplification γ ℓ . For a representative γ of each class, #C(γ)/(# GSp 4 (F ℓ ) (q) /ℓ 2 ) = 1 2 , and thus
As columns 3 and 5 are equal, the theorem is proven.
Similarly:
Proof. Since we have assumed p unramified in K (W.3), g(T) := T 2 − aT + b is not a square. For convenience, we recall the definition
First suppose that K/Q is cyclic. Then p splits completely in K (e.g., [6, Table 3 ]), and g(T) factors (in F p ). The set of semisimple elements with characteristic polynomial g(T) 2 has the same cardinality as a conjugacy class of type Split. From (the first line of) Table 6 .3, we see that
Now instead suppose that K/Q is biquadratic. Then either p splits completely in K, or p splits in exactly one of the K i ([6, Table 4 ]). The former case has already been addressed. For the latter case, the set of semisimple elements with characteristic polynomial g(T) 2 has the same cardinality as a conjugacy class of type DQ-I. Again we conclude from Table 6 .3 that ν p ( f ) = ν p (K).
Finally, we compute: Lemma 6.5. We have
Proof. From Lemma 2.2 we have cond( f ) = q and ∆ f = q 2 ∆ K . Additionally, Lemma 2.4 implies that ∆ f + = ∆ K + . Then (4.2) gives the result.
MAIN RESULT
In the following, we will have several occasions to consider conditionally convergent infinite products. For a sequence of numbers {a ℓ } indexed by finite primes, let 
Proof. We write K and K + for K f and K + f . By the analytic class number formula, the ratio of class numbers on the right-hand side of (7.2) is
For a finite abelian extension L/Q, we have
where the product is over nontrivial characters of Gal(L/Q) and, as in ( 
by Proposition 6.3 and Lemmas 6.4 and 6.5.
In fact, (7.2) has a natural interpretation in terms of abelian varieties. 
